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Abstract. This work is a comparison of the calculated and experimental natural frequencies of 
coil springs under the action of axial tension-compression. To calculate the coil springs, the finite 
element form of a single coil is proposed. The initial stiffness matrix and initial mass matrix are 
calculated by the differential equations of Kirchhoff-Clebsch. The co-rotational approach of single 
coil finite element is provided to make it applicable for calculating the changing stiffness matrix 
and changing mass matrix of the coil springs with initial deformations. The frequency and the 
form shape of the nature oscillation of coil spring are calculated as well. In addition, the 
comparison with experiment results show the high accuracy. 
Keywords: coil spring, finite element, tension and compression, co-rotational approach, mass, 
stiffness, frequency and form shape of natural vibrations. 
1. Introduction 
The coil spring can not only be used as elastic elements, but also is designed as mill, auger, 
conveyor and pump. It is used for handling or moving materials [1]. In some cases, the coil spring 
works with the initial deformation. Vibration of spring has a significant impact on the machining 
process and materials transfer. Therefore, it should be considered in design of these structures. 
Subsequently, investigating the impact of tension and compression on the spring natural 
frequencies is necessary, and can predict the error of the spring vibration under a special condition. 
Generally, the conventional rod finite element can be used to determine the natural frequencies 
and vibration modes of the coil springs [2]. However, when applied to the spring, these elements 
often lead to high-dimensional algebraic equations system. The algebraic equations system 
becomes ill-conditioned because of considering the stiffness of tension - compression, which is 
approximately two orders of magnitude greater than bending stiffness. This ill-conditioned system 
becomes particularly sensitive in solving nonlinear problems, as it often leads to divergence of 
iterative processes. In order to calculate the coil springs, we proposed the finite element (FE) as a 
single coil finite element (SCFE), in which nodes are located on the axis of the springs. In this 
element, it is unnecessary to consider the stiffness in tension, which dramatically improves the 
condition of the algebraic equations system. The dimension of this system is significantly reduced. 
The co-rotational approach [3-5] is suitable to solve the geometrically nonlinear system at 
large displacements and rotations but small strains. In this paper, the CR approach of the SCFE 
can be used to calculate the complex strain energy. Thus, we can obtain all of the change matrices 
and determine the nature frequency. A series of experiments are conducted to verify the accuracy 
of the calculation results. With a comparison between numerical simulations, we show that the 
SCFE can be exactly and quickly calculated to solve these complex nonlinear problems. 
Simultaneously, we confirm that the natural frequency of the spring increases in tensile, and 
decreases in compression. 
2. Finite element in the form of single coil 
The linear differential equations of small displacements in a flexible rod – Kirchhoff-Clebsch 
can be used to conduct numerical integration [6], which determines the stiffness matrix [۹] and 
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the mass matrix [ۻ] of the coil spring. 
݀۾
݀ݏ + ܙ = 0,    
݀ܝ
݀ݏ = ૔ × ܜ, 
݀ۻ
݀ݏ + ܜ × ۾ + ܕ = 0,
݀૔
݀ݏ = [۲]ۻ,
(1)
where ݏ is the arc coordinate, ۾ and ۻ are the vectors of internal force and moment in the cross 
section, ܙ and ܕ are the vectors distributed external loads and moments, ܝ and ૔ are the vectors 
of displacements and rotations in section of the rod, [۲] is the compliance matrix of section, and 
ܜ is the unit vector tangent to the axis of the rod. 
Radius is the vector of the screw rod axis ܚ and the unit vector tangent to the axis ܜ by the form: 
ܚ = ቌݔଵݔଶ
ݔଷ
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ۑۑ
ۑ
ې
. (2)
As for the round cross section of the rod, the compliance matrix [۲] is shown as follows: 
[۲] = 1ܩܬ௣ ܜܜ
୘ + 1ܧܬ௫ ሺ[۷] − ܜܜ
୘ሻ, (3)
where ܬ௣ and ܬ௫ are the polar and axial moment of inertia, [۷] is the identity matrix, ܧ and ܩ are 
the elastic modulus, ܜܜ୘ is the product of the matrix column to matrix row. 
General view of SCFE is shown in Fig. 1. The peculiarity of the SCFE is that the nodes are 
not located at the edges of the helix (A0 and B0). However, they are on the axis of the spring, i.e., 
in point A and B. 
  
Fig. 1. Finite element in the form of a cylindrical coil spring (SCFE) 
The stiffness matrix [۹] of SCFE is dimensionality 12×12, and it can be determined by solving 
the linear boundary value problems 12 times using the differential equations system [1]. The 
numerical integration of the system has been carried out using procedure NDSolve in computer 
package Wolfram Mathematica. 
Columns of the matrix are formed as follows. All degrees of freedom SCFE except one are 
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recorded, and the remaining degree of freedom is defined by the unit displacement. Using the 
kinematics equations of displacements and rotations, the nodes of SCFE A and B are transferred 
to the edge of helix A0 and B0. After solving the linear boundary value problem of internal forces 
and moments according to the rules of statics, the nodes are transferred back from points A0 and 
B0 to points A and B. By deciding these boundary value problems 12 times, we can obtain all the 
144 elements of the stiffness matrix. Thus, we can also find the shape functions for each degree 
of freedom. Note that ܝ௜ሺݏሻ is the displacement vector function of node, which is located on the 
axis of the coil and has a single degree of freedom. 
In this way, the elements ݉௜௝ of mass matrix [ۻ] can be calculated by: 
݉௜௝ = න ߩܣܝ௜ ∙ ܝ௝݀ݏ
௟
଴
,   ሺ݅, ݆ = 1 … 12ሻ, (4)
where ܝ௜  is the shape function of number ݅ , ݈  is the total length of the helix, and ܣ  is the 
cross-sectional area of the wire. 
The obtained matrix [۹] and [ۻ] of SCFE can be used to construct the lumped stiffness matrix 
[۹ஊ], the lumped mass matrix [ۻஊ] and form the model of the spring. The frequencies and modes 
of free vibration can be determined by the traditional homogeneous system [7]: 
ሺ−݌ଶ[ۻஊ] + [۹ஊ]ሻ܆ = 0, (5)
where ݌ is the desired natural frequency and ܆ is the unknown vector displacement (waveform). 
Actually, the procedure Eigensystem of package Wolfram Mathematica can be used to 
determine the frequencies and mode shapes of the matrix [ۻஊ]ିଵ[۹] , which is designed to 
calculate the eigenvalues and eigenvectors of matrices. 
The simulation of the coil spring is with the following initial parameters: external loads and 
moments ܙ = 0, ܕ = 0; elastic module of the material ܧ = 2∙1011 Pa; Poisson’s ratio ߤ = 0.3; 
density of the spring material ߩ = 8000 kg/m3; radius of the coil ܴ = 13.25∙10-3 m; wire diameter 
݀ = 2.6∙10-3 m; helix angle ߛ = 3.35°; number of turns ܰ = 38. 
Comparisons of the experimental results for the first to the fourth natural frequencies are 
shown in Table 1. 
Table 1. Comparisons with the results of the experimental natural frequencies ݌ 
Frequency number Calculation, rad/s Experiment, rad/s Error 
1-order 115.3 115.2 0.09 % 
2-order 225.0  213.6 5.34 % 
3-order 256.5 248.2 3.34 % 
4-order 292.0 293.2 0.41 % 
3. Investigation the impact on the natural frequency of the coil spring with tension and 
compression 
The experiments are performed to determine the frequency and the shape of natural oscillations 
of the coil spring under the available initial deformations. In order to simulate the operation of the 
spring mechanism, the experiment platform is designed and constructed in Fig. 2, and it can allow 
the static and dynamic tests of the coil spring.  
The stand allows spring grippers to set the arbitrary position in the base plane. The first gripper 
has one degree of freedom in the base plane of the stand-rotational. The second gripper has two 
degrees of freedom, i.e., the translational degree of freedom and the rotational. 
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Fig. 2. Dynamic schemes of the experimental setup 
In dynamic tests, as shown in Fig. 3, the spring is mounted on a stand and rotated, which 
gradually increases the angular velocity until the resonance occurs. The instrument stroboscope 
ST 4913 can be used to determine the frequency of rotation. In order to facilitate the measurement, 
a white label is added on the outer surface of the rotating gripper. The frequency measurement is 
carried out when the outbreak of stroboscope and the white label synchronization are abserved. 
Due to the stroboscopic effect, we can observe the visual and photography shapes. We need to 
repeat experiments until they give different initial deformations, which are changed from –20 mm 
to +40mm. 
 
a) stroboscope (ST 4913) 
 
b) Experimental platform 
 
c) Transformer (TEC15)
Fig. 3. Experimental setups 
To calculate the dynamic behavior, the spring can be performed by SCFE, which improves 
computational efficiency compared with the conventional rod-FE. The CR configuration of each 
individual element is obtained as a rigid body motion of the element base configuration. Since the 
large displacement of nodes [3-5] could lead to the complex nonlinear system, the CR approach 
can be adopted to determine the stiffness and mass matrix of spring with initial deformations. The 
matrix of the spring is changed due to the different initial deformations. In particular, the algorithm 
described in this article does not consider a possible contacting turn. It is known that such contacts 
lead to the extreme complexity. All elements of the changing stiffness matrix can be obtained by: 
ܭ௜௝ =
߲ଶܷ
߲ݕ௜߲ݕ௝ , (6)
where ܭ௜௝ is the components tangent stiffness matrix, ݕ௜ and ݕ௝ are the generalized displacement 
of nodes, and ܷ is the generalized strain energy which can be determined by CR approach. The 
changing mass matrix can be determined as follows: 
ۻ = [ۺ]୘[ۻ଴][ۺ], (7)
where [ۻ଴] is the initial mass matrix and [L] is the rotation matrix. 
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a) 1-order frequency 
 
b) 2-order frequency 
 
c) 3-order frequency 
 
d) 4-order frequency 
Fig. 4. Comparison of calculation and experiment for the natural frequencies from the 1st to 4th order 
The detailed explanations and calculations of the CR approach are introduced in [4-5]. 
From Eqs. (6), (7), we can obtain the changing stiffness matrices and mass matrices, calculate 
and confirm the natural frequency of the spring. Subsequently, all the curves and experimental 
data are shown as the following graphics in Fig. 4.  
As shown in Fig. 4, it is clear that when the initial deformation increases, the natural 
frequencies of the spring from the 1st to the 4th order also increase. The intersections of the curves 
and axes lines are (–35mm, 0); (–39mm, 0); (–46mm, 0); (–57mm, 0), and they are the values of 
Δ݈ when the natural frequencies of spring become zero. 
Table 2. Comparing the results of calculation and experimentation with initial deformations 
Initial 
deformation 
Δ݈ mm 
Calculation, rad/s (Experiment), rad/s 
Error, % 
1-order 2-order 3-order 4-order 
+40 mm 260.4 (266.7) 391.8 (405.3) 517.9 (524.6) 616.4 (612.1) 
2.36 % 3.33 % 1.28 % 0.70 % 
+30 mm 226.8 (224.9) 371.3 (371.4) 451.1 (471.3) 587.4 (581.1) 
0.84 % 0.03 % 4.29 % 1.08 % 
+20 mm 157.7 (160.1) 256.7 (252.6) 347.8 (368.2) 450.2 (446.1) 
1.50 % 1.62 % 5.54 % 0.92 % 
+10 mm 135.9 (130.2) 229.3 (226.8) 265.4 (261.7) 330.8 (341.2) 
4.38 % 1.10 % 2.03 % 3.04 % 
–10 mm 82.7  (80.1) 89.7 (91.7) 224.9 (215.6) 258.7 (264.5) 
3.24 % 2.18 % 4.31 % 2.19 % 
–20 mm 41.4  (42.5) 42.9 (45.2) 191.1 (195.7) 225.3 (229.3) 
2.59 % 5.09 % 2.35 % 1.74 % 
This table shows that the experimental results of natural frequencies are quite satisfactory. The 
maximum error is less than 5.54 %. 
4. Conclusions 
Designing single coil finite element of spring SCFE, with the numerical integration of 
differential equations Kirchhoff-Clebsch, we can significantly (approximately 20 times) reduce 
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the dimension of the finite element spring model. 
The proposed SCFE provides the equation system a much better condition than the traditional 
finite element. When it is built, the stiffness of the cross section in tensile - compression can be 
adopted infinite, since the traditional rod-FE technique is impossible. 
Comparisons of experimental results for the 1th to 4th order natural frequencies show good 
accuracy of SCFE when provided initial deformations. 
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